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Abstract 
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called local mean-variance efficiency, in a general semimartingale setting. We start 
in discrete time, where the formulation is straightforward, and then find the natural 
extension to continuous time. This complements and generalises the formulation by 
Basak and Chabakauri (2010) and the corresponding example in Bjork and Mur- 
goci (2010), where the treatment and the notion of optimality rely on an underlying 
Markovian framework. We justify the continuous-time formulation by showing that 
it coincides with the continuous-time limit of the discrete-time formulation. The 
proof of this convergence is based on a global description of the locally optimal strat- 
egy in terms of the structure condition and the Fdllmer-Schweizer decomposition of 
the mean- variance tradeoff. As a byproduct, this also gives new convergence results 
for the Follmer-Schweizer decomposition, i.e. for locally risk minimising strategies. 
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1 Introduction 



In his seminal paper "Portfolio selection" [M] , Harry Markowitz gave to the common wis- 
dom that investors try to maximise return and minimise risk a quantitative description by 
saying that the return should be measured by the expectation and the risk by the variance. 
In a one-period financial market, mean-variance portfolio selection then simply consists of 
finding the self-financing portfolio whose one-period terminal wealth has maximal mean 
and minimal variance. Since the mean- variance criterion is quadratic with respect to the 
strategy, one can calculate the solution, the so-called mean-variance efficient strategy, 
directly and explicitly. Apart from the appealing and immediate interpretation of the 
optimisation criterion this probably explains its popularity. 

Although one can obtain explicit formulas in one period, a multiperiod or continuous- 
time treatment is considerably more delicate; this has already been observed by Mossin in 
[31j] . The reason is the well-known fact that the mean- variance criterion does not satisfy 
Bellman's optimality principle. 

One way to deal with this issue is to treat mean-variance portfolio selection as in the 
Markowitz problem considered by Richardson [12"] . Schweizer [11] and Li and Ng [32]. It 
consists of simply plugging in the multiperiod or continuous-time terminal wealth into 
the one period criterion and to maximise that with respect to the strategy over the entire 
time interval. Although this formulation fails to produce a time-consistent solution in the 
sense that it is optimal for the conditional criterion at a later time, this is nevertheless a 
common way to avoid dealing with time inconsistency of the mean- variance criterion used 
in the literature. There it is sometimes referred to as mean-variance portfolio selection 
under precommitment, as the investor commits to follow the strategy which is optimal at 
time zero even though it is not (conditionally) optimal later on. 

Alternatively, one can optimise the conditional mean-variance criterion myopically in 
each step over the gains in the next period as in Section 2.1.1 of [8] in discrete time for 
example. Due to the myopic way of optimisation we call this strategy myopically mean- 
variance efficient in this paper. For a continuous-time formulation of this one has then to 
pass to a limit in an appropriate way. Under the name local utility maximisation such a 
limit formulation has been developed in [2E] and [2_H] by Kallsen for utility maximisation 
problems. 

In this paper, we approach the time inconsistency of the mean-variance criterion in a 
different way. We try to find a solution which is in some reasonable way optimal for the 
conditional mean-variance criterion and time-consistent in the sense that if it is optimal 
at time zero, it is also optimal on any remaining time interval. In a Markovian framework, 
such a time-consistent formulation has been introduced by Basak and Chabakauri in [2]. 
However, to find a time-consistent formulation in general is an open problem as pointed 
out by Schweizer at the end of the survey article [48] . As the failure of Bellman's opti- 
mality principle indicates, we have to use a different notion of optimality for the dynamic 
criterion than the classical one used in dynamic programming. As in [2J, we follow Robert 
Strotz who suggested in [19] (for a different time-inconsistent deterministic optimisation 
problem) to maximise not over all possible future strategies, but only those one is actually 
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going to follow. In discrete time, this leads to determining the optimal strategy by a back- 
ward recursion starting from the terminal date. For a continuous-time formulation one 
has to combine this recursive approach to time inconsistency with a limit argument. In a 
Markovian framework, for optimal consumption problems with non-exponential discount- 
ing this has recently been studied by Ekeland and Lazrak in [2U] and and Ekeland and 
Pirvu in [21] and [22] and for mean-variance portfolio selection problems by Basak and 
Chabakauri [2] and Bjork, Murgoci and Zhou [3]. These authors give the definition of the 
time-consistent solution via a backward recursion the interpretation of a Nash subgame 
perfect equilibrium strategy for an intrapersonal game. Building on these specific cases, 
Bjork and Murgoci developed in [3] a "general theory of Markovian time inconsistent 
stochastic control problems" for various forms of time inconsistency in a Markovian set- 
ting. In all these problems, however, one exploits that the underlying Markovian structure 
turns all quantities of interest into deterministic functions. Then recursive optimality can 
be characterised by a system of partial differential equations (PDEs), so-called extended 
Hamilton-Jacobi-Bellman equations, and one can provide verification theorems which 
allow to deduce that if one has a smooth solution to the PDE, this gives the solution to 
the optimal control problem. 

Although it is known how to formulate and handle time-inconsistent optimal control 
problems in a Markovian framework, it is an open question how to do this in a more 
general setting and how to apply martingale techniques to these kind of problems (see 
for example page 54 in [3]). For the problem of mean- variance portfolio selection, we 
show how one can answer these questions in this paper. Note, however, that we ex- 
ploit the underlying linear-quadratic structure of the problem for this and only consider 
mean-variance portfolio selection here. In discrete time, obtaining the time-consistent 
solution by recursive optimisation is straightforward. To find the natural extension of 
this formulation to continuous time, we introduce a local notion of optimality called local 
mean-variance efficiency; this is a first main result and gives a mathematically precise 
formulation in a general semimartingale framework. In continuous time, the definition 
of local mean-variance efficiency is inspired by the concept of continuous-time local risk 
minimisation introduced by Schweizer in [33]. As we shall see, our formulation in discrete 
as well as in continuous time embeds time-consistent mean- variance portfolio selection in 
a natural way into the already existing quadratic optimisation problems in mathematical 
finance, i.e. the Markowitz problem, mean- variance hedging, and local risk minimisation; 
see [36] and [31]. Moreover, we provide an alternative characterisation of the optimal 
strategy in terms of the structure condition and the Follmer-Schweizer decomposition of 
the mean- variance tradeoff. This is a second main result and gives necessary and sufficient 
conditions for the existence of a solution. Besides this, we obtain an intuitive interpre- 
tation of the optimal strategy. On the one hand the investor maximises the conditional 
mean- variance criterion in a myopic way one step ahead by choosing the myopically mean- 
variance efficient strategy. This generates a risk represented by the mean- variance tradeoff 
which he then minimises by local risk minimisation on the other hand. Using the alter- 
native characterisation of the optimal strategy allows us to justify the continuous-time 
formulation by showing that it coincides with the continuous-time limit of the discrete- 



3 



time formulation. This underlines that our reasoning in discrete time, where the solution 
is determined by a backward recursion, is consistent with the way of defining optimality 
in continuous time and is our third main result. On the technical side, the link to the 
Follmer-Schweizer decomposition and local risk minimisation allows us to exploit and 
extend known results. 

Time consistency also plays a central role in the formulation of forward dynamic 
utilities by Musiela and Zariphopoulou; see [38] and [37] for example. There it is used 
to characterise the dynamic evolution of utility random fields by the optimal portfolios 
via the martingale optimality principle. Conversely these optimal portfolios then satisfy 
Bellman's optimality principle for the corresponding forward dynamic utility by definition. 
In contrast to their approach we do not propose a conceptual way to generate time- 
consistent dynamic utility functions here but rather how to determine a time-consistent 
optimal strategy by means of local optimisation for the underlying conditional mean- 
variance preferences that are not time consistent. 

Recently Cui et al. proposed in [12] an alternative way to deal with the time incon- 
sistency of the mean-variance criterion. Relaxing the self-financing condition by allowing 
the withdrawal of money out of the market, they obtain a strategy which dominates the 
solution for the Markowitz problem in the sense that while both strategies achieve the 
same mean-variance pair for the terminal wealth their optimal strategy enables the in- 
vestor to receive a free cash flow stream during the investment process. Compared to our 
study their reasoning and techniques are different. In particular, their solution is not time 
consistent in our sense. 

The remainder of the article is organised as follows. In the next section we explain 
the basic problem and the issue of time inconsistency of the mean- variance criterion and 
introduce the required notation for this. To establish the time-consistent formulation, 
we start in Section [3] in discrete time and then find the natural extension of that to 
continuous time in Section HI The convergence of the solutions obtained in discretisations 
of a continuous-time model to the solution in continuous time is shown in the last section. 

2 Formulation of the problem and preliminaries 

Let J 7 , P) be a probability space with a filtration F = (J-<)o<t<T satisfying the usual 
conditions of completeness and right-continuity, where T G (0, oo) is a fixed and finite 
time horizon. For all unexplained notation concerning stochastic integration we refer to 
the book of Dellacherie and Meyer [IS] . Our presentation of the basic problem here builds 
upon that in Basak and Chabakauri [2] and Schweizer [4"8"] . 

We consider a financial market consisting of one riskless asset whose price is 1 and 
d risky assets described by an Revalued semimartingale 5*. As set of trading strate- 
gies we choose O := 65 := {$ G L(S) \ J fidS G H 2 (P)} where L(S) is the space 
of all Revalued, S'-integrable, predictable processes and T-L 2 (P) the space of all square- 
integrable semimartingales, i.e. special semimartingales X with canonical decomposition 



4 



X = X + M x + A x such that 

\\X\\ mP) := ||X || i2(P) + \\([M x ,M x ] T y\\ L2{p) + || J Q T \dA x \\\ L2[p) < +00. 

The wealth generated by using the self-financing trading strategy $ G up to time 
i G [0, T] and starting from initial capital x G M is given by 

V t (x, ft) := x + $1 fiudSu =: x + ft • S t . 

Note that we use the notation above also for the stochastic integral in discrete time. Since 
we work with @s, we can always find representative square-integrable portfolios for the 
financial market (S, ©s) as explained in the appendix. These are portfolios ip % G 0s for 
i = 1, . . . , d such that the financial market (S, ©g) with S l := y?* • S for i = 1, . . . , d 
satisfies S G H 2 (P) and which are representative in the sense that (S, 0^) generates 
the same wealth processes as (S, ©s), i.e. ©s * S = ©^ • S. We can and do therefore 
assume without loss of generality that S is in 1-L 2 {P) and hence special with canonical 
decomposition S = So + M + A, where M is an Revalued square-integrable martingale 
null at zero, i.e. M G Ail(P), and A is an WL d - valued predictable RCLL process, i.e. right 
continuous with left limits (RCLL), null at zero with square-integrable variation. Besides 
simplifying the presentation this allows to refer directly to the standard literature on 
quadratic optimisation in mathematical finance which usually assumes (local) square- 
integrability of S. Conversely, this change of parameterisation of the financial market can 
be used to generalise local risk minimisation and quadratic hedging to the case where 
S is a general semimartingale and not necessarily locally square-integrable; this will be 
explained in more detail in future work. 

In the one-period case, where T = 1, 1? • Si = $J(Si — S ) =: fijASi and $1 is an 
J-"o-measurable Revalued random vector, mean-variance portfolio selection (MVPS) with 
risk aversion 7 > can be formulated as the problem to 

T 1 T 

maximise E[x + •&{ ASi] - - Var[x + d[ ASi] over all J r o -measura ble "d\. (2.1) 
The solution, the so-called mean-variance efficient strategy, is then 

^ : = icov[ASi|JF ]- 1 MASi|.Fo] = : ^1 ( 2 - 2 ) 

7 

which is given by an explicit formula in terms of the risk aversion and the conditional 
mean and variance of the stock price changes. Note that Cov[ASi| J-o] _1 denotes the 
Moore-Penrose pseudoinverse (see [T] for example) and therefore the solution exists if and 
only if _E[ASi|J-o] is m the range of Cov[AS , i|J c o]- 

Having obtained the formulation and the explicit form of the solution in one period, 
we ask how the two extend to multiperiod or continuous time. An immediate extension of 
the formulation is simply to plug in the multiperiod or continuous-time terminal wealth 
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into the one-period criterion. This corresponds to considering mean-variance portfolio 
selection (MVPS) as the problem to 

7 

maximise E[Vt{x, $)] — — Var[Vr(^, over all & G G. (2-3) 

The latter is an alternative formulation of the classical Markowitz problem to 

minimise Var[Vr(x, $)] = E[\Vr(x,'d)\' 2 ~\ — m 2 

subject to E[V T (x, $)] = m > x and i?6 0. (2.4) 

In this set-up, MVPS is a static optimisation problem as one determines the optimal 
strategy for (12. 3p over the entire time interval with respect to the criterion evaluated 
at time 0. To obtain the solutions to (12. 3p and (12 .4p it can be shown by elementary 
Hilbert space arguments (see for example [SU]) that these are related to the solution of 
an auxiliary problem: If 1 — tp • St ^ and E[tp • St] ^ 0, the solutions and ■§( x ' m > to 
( I2.3P and (12. 4p are given by 

7 1 1 ~ j -Z(mx) m-x „ . . E[l - tp • S T ] r c s 

= — =rj and (m '^ = — ^— T v? = (m - g 7 F[ ~ c i ^» ( 2 -5) 

where (p is the solution to the auxiliary problem to 

minimise ^ [| V^(-l, ^) | 2 ] = E[\l - •& • S T \ 2 ] over all ■& G 6. (2.6) 

Since (I2.6P is a standard stochastic optimal control problem, it can be solved by dynamic 
programming and the dynamic structure of _<p can be described more explicitly, which via 
(I2.5P then gives a dynamic description of $ (and ■^( m ' x )) as well. For this one considers 
instead of the single static problem (I2.6P the corresponding dynamic optimisation problem 
given by the conditional problems to 

minimise £[|\/ T (-i,tf)| 2 | j;] = E[\l - ■& • S T \ 2 \F t ] over all G 9 t (^) (2.7) 

where Qt(i>) := {0 G 6 | i?l[o,t] = ^l[o,t]]} denotes the set of all strategies G that 
agree up to time t with a given ip G G. The family of conditional problems (12. 7p is time 
consistent in the sense that it satisfies Bellman's optimality principle: If (p is the solution 
to (12. 6p . then it is for any t G [0,T] also optimal for the conditional criterion (12. 7p with 
ip = <p on the remaining time interval (t,T]. This time consistency gives a dynamic 
characterisation of optimality of the solution tp for the auxiliary problem (12. 6 p via the 
dynamic optimisation problem (12 .7p and is a conceptual aspect of the problem (I2.6p . Since 
the time consistency of the conditional problems (12 .7p allows to compute the solution tp 
recursively by dynamic programming, this indeed allows to describe tp and hence also 
via (12. 5 p as dynamic processes on [0,T] more explicitly; see jH] for references and a 
survey as well as [13] for recent results obtained in a general semimartingale framework 
in this direction. For the solution to the static MVPS problem (I2.3p . however, this is 
so far only a computational aspect. 
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To study (12. 3p as a dynamic optimisation problem, a natural formulation is to consider 
in analogy to (12. 7p the conditional problems to 

maximise U0) := E[V T (x, tf)|J* t ] - ~ Yslt[V t (x, F t ] over all G t (^)- (2.8) 

However, plugging in the optimal strategy d to (12.31) for ip yields that, in contrast to 
(12. 7p . this family of conditional problem is no longer time consistent and that Bellman's 
optimality principle fails: If we use the solution $ to (12.31) on [0, t] and then determine the 
corresponding conditionally optimal strategy by maximising in (12. 8j) over all $ G 0t (■#), 
then this strategy is different from $ on (t, T\. This time inconsistency leads us to the basic 
question how to obtain a time- consistent dynamic formulation of MVPS. That is to find a 
dynamic formulation that gives a solution $ which is in some reasonable sense optimal for 
the time- inconsistent conditional mean- variance criterion Ut(-) at time t for each t G [0, T]. 
This is a conceptual problem. We remark that it depends of course on the preferences 
of the investor whether he would like to have a (so-called pre-commitment) strategy 
which involves dynamic trading and is optimal for the static mean-variance criterion (12.31) 
evaluated at time 0, or a strategy which is optimal for the conditional mean-variance 
criterion in a dynamic and time-consistent sense. The reason for the time inconsistency 
of the (conditional) mean-variance criterion in (12. 8 p is the conditional variance term. As 
explained in we see that due to the total variance formula 



Var[F r (x,tf)|Ji] = E[V&r[V T (x,#)\T t+h ]\F t ] + Var [E[J^ h 0dS\ T t+h ] + V t+h {x, ■&) 

the objective function at time t is given by the conditional expectation of the objective 
function at time t + h and some adjustment term, i.e. 

U t (#) = E[U t+ M\F t ] - lVar[E[tf +h #dS\F t+h ] + V t+h (x,#)\T t ] (2.9) 

for all i? 6 0. As this adjustment term does not only depend on the strategy via its 
behaviour on (t,t + h] but also on (t + h,T], it causes "an incentive for the investor to 
deviate from his optimal strategy at a later time" as explained in j2]. Mathematically, the 
adjustment term cannot be interpreted as a running cost term, and therefore the objective 
function is not of the "standard form" which is crucial for the dynamic programming 
approach to work; see for instance [3], or [21] for a textbook account. The economic 
explanation for the time-inconsistent behaviour of the investor is as follows. At time t, 
the investor uses the strategy on (t + h, T] not only to maximise the time (t + h) objective 
function Ut+h($), but also to minimise the second term. This means that he tries to 
minimise some of the risk coming from the strategy used on (t,t + h]. At time t + h, 
the outcome of the trading on (t, t + h] is already known and there remains no risk to be 
minimised. Therefore the investor at time t + h chooses the trading strategy on (t + h, T] 
only to maximise Ut+h{$), and so his objective and hence his choice will be in general 
different from that at time t. 
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An alternative explanation for the failure of the time consistency of the dynamic 
formulation ( 12. 8 p is of course that already the underlying mean-variance preferences are 
time inconsistent due to their non-monotonicity; see for example |33j . 

Loosely speaking, the reason for the inconsistency of the formulation ( 12. 8 p is that we 
are optimising over too many strategies, as we are also considering strategies which we are 
not going to use later on. To overcome this, we follow the recursive approach to time in- 
consistency ". . . to choose the best [strategy] not among all available strategies, but among 
those one is actually going to follow." proposed by Strotz in [19] (for the deterministic 
optimal consumption problem with non-exponential discounting). The same reasoning 
also appears in the context of local risk minimisation introduced by Schweizer in [13] to 
deal with the time inconsistency of the formulation of global risk minimisation. For a 
dynamic formulation of MVPS, this suggests that we have to weaken our optimality crite- 
rion and to optimise in (12. 8p not globally on (t,T], but only "locally on an infinitesimally 
small time interval (t,t + dt]" going backwards from T and using the "optimal strategy on 
(t + dt,T] n . Since the investor following this rule chooses for any t £ [0, T] "the strategy 
on (t,t + dt\" that he has to determine at time t optimally for his criterion U t (-) at time 
t, he has no reason to deviate from this "locally mean-variance optimal" strategy for the 
dynamic optimisation problem, which therefore leads to a time-consistent behaviour. "In 
some sense this formulation interpolates between dynamic optimisation for a fixed time 
horizon and step-by-step one period optimisation" (as has been formulated by one of the 
referees). This way to address the time inconsistency of the mean- variance criterion has 
been developed by Basak and Chabakauri in [2] in a Markovian setting by using partial 
differential equations which are available in this framework. Since the concept of local 
optimisation in a general set-up is more intuitive and conceptually easier to understand 
in discrete time, we consider this case in the next section first before proceeding with the 
more delicate situation in continuous time. 

3 Discrete Time 

In this section, we develop a time-consistent formulation for the mean-variance portfolio 
selection problem in discrete time and derive the general structure of the solution. As this 
mainly serves for the motivation of the continuous-time case, we restrict our presentation 
here for simplicity to the one dimensional case d = 1. 

Let T £ N and assume that trading only takes place at fixed times k = 0,1, ... ,T, 
where we choose at time k the number of shares "&k+i to be held over the time period 
(k, k + 1}. In this setting, we obtain an optimal strategy by recursively optimising starting 
from T, which is equivalent to optimality with respect to local perturbations. This is then 
a time-consistent solution to MVPS in the recursively optimal sense introduced by Strotz 
in [19]. Since we are optimising the conditional criterion of the entire remaining time 
interval only with respect to the strategy used in the next time step as in the concept 
of local risk minimisation (see [13] for example), we call this notion of optimality local 
mean-variance efficiency due to the local nature of optimisation. Mathematically, this is 
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then formulated as follows. 



Definition 3.1. Let ip £ be a strategy and k £ {1, . . . , T}. A local perturbation of ip 
at time k is any strategy $ £ 6 with i?j = i/jj for all j ^ k. We call a trading strategy 
$ £ G locally mean-variance efficient (LMVE) if 



for all k 



for all k 



> (3.1) 

, . . . , T and any /oca/ perturbation $&Qof'&at time k or, equivalently, 

£4-i(£) > £4-i(# + P-a.3. (3.2) 

, . . . , T ana" any 5 £ 6. 

Note that since U t (d) = V t (x,d) + U t (l %n §) =: V^tf) + U t {d), the structure of 
mean-variance preferences implies that conditions (13.11) and (13. 2p do not depend for fixed 
k on the strategy used on {0, . . . , k — 1}. This allows us to derive the following recursive 
formula for the LMVE strategy which underlines the time-consistency of the solution 
and also implies its uniqueness. This formula already appeared in a Markovian framework 
in Proposition 5 in [2] and in a discrete-time setting in an unpublished Master thesis by 
Sigrid Kallblad. 

Lemma 3.2. A strategy £ G is LMVE if and only if it satisfies 



0i 



1 £[AS fc |.F fc _i] 



Cov 



=fe+i 



7 Var [AS k \T k ^\ Var [AS k \T k ^] 

fork = l,...,T. 

Proof. Plugging d and d + 5t{ k } into (12.91) . we obtain that (13.21) is equivalent to 

T 



(3-3) 



-5 k E[AS k \F, 



fc-ii 



7 Cov 



1 



Var[5 fc A5 fc |J- fc _i] > (3.4) 



for all k = 1, . . . ,T and any 5 £ 0. Since Var [5fcAjSfc|.7 r fc_i] > for all k = 1, . . . , T 
and any 8 £ 0, it follows immediately that d satisfies (13. 2 p if (13. 3 p holds. For the 
converse, we argue by backward induction; so assume that (13. 3ft holds for j = k+ 1, . . . , T. 
Because the conditional covariance term in (13. 4 p vanishes on {VarfASfcl J- k -i] = 0}, we 
set e = £[AS' fc |.7 : ' fc _i]l{Var[As fc |j fe _ 1 ]=o} and 



1 E[AS k \T k ^} Cov[AS fc ,£f =fc+1 tf i A$|.F fc _i] 



7 Var [A5 fc |j- fe _i] 



Var [AS'fclJ'fe-i] 



{Var[AS fc |.F i ,_i]>0}- 



Then choosing 5 = el{£[( e As fc ) a |.F*-i]<n}l{Jfc} e and o" = ^l^KvASO'W-i]^*} 1 ^} e @ for 
each n £ N implies that e = and <p = 0, as we could otherwise derive a contradiction 
to (13. 4p . By the Cauchy-Schwarz inequality and since e — 0, the right-hand side of (13. 3p 
is always well defined by setting jj = 0, and equal to $ since <£> = 0. This completes the 
proof. □ 
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To simplify ( I3.3p . we use the canonical decomposition of S = So + M + A into a 
martingale M and a predictable process A, which is in discrete time given by the Doob 
decomposition, i.e. M := =: A , AA k = E[ASk\ J^k-i] an d AM k = AS k — .E'[A f Sj.|.7 r fe _i] 
for k — 1, . . . , T. Then (13 .3p can be written as 



1 



AAi 



Gov 



7 £ [(AM fc ) 2 |J^_i] 



£[(AM fc ) 2 |J^i] 



(3.5) 



for k — 1, . . . , T. From this it follows by the Cauchy-Schwarz inequality that the existence 
of a LMVE strategy $ implies that S satisfies the structure condition (SC), i.e. there exists 
a predictable process A given by 



AAi 



E[(AM k )*\F, 



fe-i 



E[AS k \T k -i] 
Var[AS fc |J- fc _ : 



for k 



such that the mean-variance tradeoff' (MVT) process 



(E[A^|^!]) : 



^ Var^lJ 7 , 



^ A 2 £ [(AM 4 ) 2 |J-,-i] = Yl A * AA * for k 



T 



i=l 



i=l 



is finite-valued. This is not surprising, as these quantities also appear naturally in other 
quadratic optimisation problems in mathematical finance; see [16]. For each i? e O, we 
define the process of expected future gains Z($) and the square integrable martingale Y^) 
of its canonical decomposition by 



E 



E 



i=k+l 
T 

J2$iAA 

t=i 

r fc (^)-^^AA 



J] ^AA 

=fc+i 

^ -diAA-i 



t=i 



i=l 



for fc 



0,1, 



,T. Note that for the LMVE strategy the process Z{d) has al- 
ready been introduced in a discrete-time setting in Sigrid Kallblad's Master thesis and in 
the Markovian framework in [2] in discrete and continuous time, where it is a function 
Zt($) — f(W t ,S t ,X t ,t) of time t and the underlying state variables, i.e. current wealth 
Wt, stock price St and hidden Markov factor X t . Using the Galtchouk-Kunita-Watanabe 
( GKW) decomposition 



i=i 
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of y(i?) with a square-integrable martingale L{d) strongly orthogonal to M, we can rewrite 

as 



(3.6) 



8=1 



i=l 



i=l 



for k = 0,1, ... ,T. Inserting the last expression into (13.5p . we can reformulate Lemma 
13.21 by combining the above as follows. 

Lemma 3.3. The LMVE strategy "d exists if and only if we have both 

1) S satisfies (SC) with A G L 2 (M), i.e. K T G L\P). 

2) There exists ip G 6 such that 



7 



(3.7) 



where is the integrand in the GKW decomposition of 5^ i=1 ^jAAj. 
In t/jai case, & = ip. 

Proof. By Lemma 13.21 the existence of a LMVE strategy and a strategy satisfying (13.51) 
are equivalent. As already explained, (13. 5p implies by the Cauchy-Schwarz inequality 
that S satisfies (SC). Since we obtain 



Cov 



AM k , 



i=k+l 



Gov 



AM k ,Z k ($) 



Fk-l 



i k {d)E [(AM fc ) 2 |J-fc-i] 



by simply plugging into (13. 5p the definition of Z{$) and (13.61) . it follows that •& satisfies 
(13.71) and, conversely, that each strategy ip G Qs satisfying ( 13.71) is LMVE. Moreover, 
since d G 6 = L 2 (M) n £ 2 (A), we have that Y T (&) = J2j=i ^AA* e £ 2 (^P) and therefore 
that £($) G L 2 (M) by construction. Rewriting (13. 7p . this implies that A = 7^ + ^ is 
in L 2 (M) and Kt G L x (P), which completes the proof. □ 

Integrating both sides of (13. 7p with ip = d with respect to M and plugging in the 
GKW decomposition then gives 

T 1 T T 

mm, = -J2 x i AM * - ^ am< 

1 T T 

= -£ AiAMj + V (?) + Lx0) - ^ AA i- 



i=i 



i=l 



After rearranging terms and adding ^i^T = - X/*=i AiAAj on both sides we arrive at 



-K T = Y (d) + ^ ( -\i - 0^ AM, + (-^ - #i) AA t + L T 0) 
7 i=1 \7 / i=1 \7 / 



(3i 
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which means that the terminal value of the MVT process Kt admits a decomposition 

T 

K T = K + J2^S i + L T (3.9) 

i=l 

into a square-integrable J-o-measurable random variable Kq, the terminal value YlJ=i Ci^Si 
of a stochastic integral with respect to the price process, and the terminal value of a 
square-integrable martingale L which is strongly P-orthogonal to M. If the integrand £ 
is in G and one replaces the left-hand side by any H G L 2 (Q, J 7 , P), a decomposition of 
the form 

T 

i=i 

is called the Follmer-Schweizer (FS) decomposition of H, and the integrand £ H yields 
the so-called locally risk minimising strategy for the contingent claim H; see e.g. [46] 
and [47]. However, it turns out that £ = A — 7$ is in general not in and therefore 
(13. 9 p does not necessarily coincide with the FS decomposition of Kt', see Corollary 14.121 
below for a sufficient condition. But nevertheless, (13. 9 j) gives an intuitive explanation of 
the LMVE strategy. On the one hand, the LMVE investor is optimising the conditional 
mean-variance criterion of the gains in the next period only by choosing the myopically 
mean-variance efficient strategy (MMVE) tp G given by (pk '■— = ~ f° r 
k — 1, . . . , T. This strategy solves the problem to 

maximise U k -i($l{k}) = EftkASklFk-i] ~ | Var[tf fe A£ fc | ^-1] over all d G (3.10) 

for all k = 1, . . . , T. The latter follows immediately as in the one-period case; see (12. ip and 
(12. 2p and also Proposition 14. 161 later. Considering the MMVE strategy in the multiperiod 
setting the LMVE investor takes by (12. 9p also the fluctuations of the expected future gains 
into account. The risk resulting from these is due to the stochastic investment opportunity 
set and can be represented by ^Kt- In addition to holding the MMVE strategy the LMVE 
investor then minimises the risk resulting from this by local risk minimisation on the other 
hand which leads to the additional intertemporal hedging demand ^£ = in the LMVE 
strategy. As a matter of fact, the intertemporal hedging demand is zero and the LMVE 
and the MMVE strategy coincide, if the investment opportunity set or more generally the 
terminal value of the MVT process is deterministic; see Corollary 14.171 below. 

Besides this interpretation the above also gives an alternative, in some sense global, 
characterisation of the LMVE strategy in terms of the structure condition and the MVT 
process, which is summarised in the next lemma. 

Lemma 3.4. There exists a LMVE strategy d if and only if S satisfies (SC) and (the 
terminal value of) the MVT process Kt is in L l (P) and can be written as 

T 

K T = K + J2 t^Si + L T (3.11) 
i=i 



12 



with K G L 2 (n, JF ,P), f G L 2 (M) such that f - A G L 2 (A) , and L G 7Mg(F) strongly 
orthogonal to M . In that case, d is given by $ = ^(A — £). 

If Kt is in L 2 (P) and admits a decomposition ( 13.111) . the integrand £ is in and ( 13. lip 
coincides with the Follmer-Schweizer decomposition of Kt- 

Proof. By plugging (13 ,7p into (13. 8 \ and comparing this with (13.91) . we obtain that £ = 
A — 7$ = 7£(i?) and therefore the first assertion. If .fTy is in L 2 (P), this gives that A € 0,g, 
which implies that (60 and completes the proof. □ 



4 Continuous Time 

In continuous time, we should like to obtain the time-consistent solution in analogy to dis- 
crete time by optimising the mean-variance criterion with respect to local perturbations. 
For a precise formulation of this we need a local description of the underlying quantities 
and a limit argument. To that end, let us fix some terminology first. 

Recall from Section [2] that we can and do assume that S is square-integrable with 
canonical decomposition S = So + M + A, where M is an IR d -valued square-integrable 
martingale null at zero, i.e. M G J\4q(P), and A is an IR d - valued predictable finite variation 
RCLL process null at zero. By Propositions II. 2. 9 and II. 2. 29 in [27], there exist an 
increasing, integrable, predictable RCLL process B, an Revalued predictable process a 
and a predictable IR dxd - valued process c M whose values are positive semidefinite symmetric 
matrices such that 

■Q • A = (tf T a) • B and (i? • M) = (tf T c M $) • B for all de®. (4.1) 

By adding t to B, we can assume that B is strictly increasing. Set Pb '■= P <S> B. There 
exist many processes B, a and c M satisfying (14.11) . but our results do not depend on the 
specific choice we make. Using the Moore-Penrose pseudoinverse (c M ) _1 of c M (see [1]) or 
the arguments preceding Theorem 2.3 in [16], we define a predictable process A := (c M )~ 1 a 
which gives a decomposition 

a = c M X + rj (4.2) 

such that 7] is valued in Ker(c M ). Then S satisfies the structure condition (SC) if and 
only if rj = and A G Lf oc (M), i.e. the mean-variance tradeoff (MVT) process K given 
by K t = J Q * \~ld(M) u \ u = (A • M) t for t G [0, T] is P-a.s. finite. In continuous time, the 
process of expected future gains Z(d) and the square-integrable martingale Y{d) of its 
canonical decomposition are given by 



Z t (&) := E 



Pi 



E 



VudA, 



Pi 



[ $ u dA u =: Y0) - [ $ u dA u 
Jo Jo 



for t G [0, T] and each strategy $ G 0. Using the (continuous-time) GKW decomposition 



'o 
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of y(i?), we can rewrite as 

Z t (0) = Y t (0)- [ $ u dA u = Y ($) + [ U$)dM u + L t ($)- [ $ u dA u (4.3) 
Jo Jo Jo 

for t G [0,T], exactly as in discrete time. 

A partition of [0, T] is a finite set r = {t , £1, • • • , t m } with = t < t\ < ■ • ■ < t m = T, 
and its mesh size is |r| := max ti e T \{T}(ti+i —U). A sequence of partitions (r n ) re6 N is in- 
creasing if r n C r n+ i for all n; it fends to i/je identity if lim^oo |r„| = 0. For later use, 
we associate to each partition r the cr-field 

V T := a({F x {0},Fi x (t u t l+1 ]\u G r \ {T},F G JT 0; F tj G F u }) 

on f2 x [0,T]. Note for any sequence of partitions (r n ) ng N tending to the identity that 
cn [J P 7 "' 1 J is equal to the predictable cx-field V and that 'P 7 ™ increases to V if (r n ) ngN 

is in addition increasing. The optimality with respect to local perturbations can then 
be formulated in continuous time as follows. Recall the notations Uti$) from (I2.8P and 
U t ($) = U t (l }m $). 

Definition 4.1. For 5 G G and a partition r of [0,T], we set 



V ^(^)-^(^ + ^(t lA+l] ) 

v4 strategy $ G zs called locally mean-variance efficient (in continuous time) if 

liminfu r "[tf,5] > P B -a.e. (4.5) 

for any increasing sequence (r n ) n£ N of partitions tending to the identity and any 5 G 0. 

Intuitively, u T [i9, 5] measures the change in the tradeoff between mean and variance of 
the gains over the remaining time interval when we perturb $ locally by S along r. Condi- 
tion f)4.5p then says that perturbing the optimal stratetgy $ locally should always decrease 
this tradeoff, at least asymptotically. The appropriate "time scale" for this asymptotic 
is given by the process B which is sometimes also referred to as operational time in the 
literature. In analogy to discrete time, finding the time-consistent solution by recursive 
optimisation is captured by comparing at time strategies which differ only on (tj,tj + i] 
but are equal on (£j + i,T]. Passing to the limit then takes this recursive optimisation to 
continuous time. By the usual embedding of the discrete-time case into the continuous- 
time setting (as for example explained in Section I. If in [27]) it is straightforward to see 
that the continuous-time formulation (14. 5p coincides with that in discrete time (I3.2p . since 
we can choose B t = Y^=i l{fc<*} m this situation (see Section II. 3 in [2"7]). 
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The definition of local mean-variance efficiency above as well as the subsequent treat- 
ment are inspired by the concept of local risk minimisation in continuous time introduced 
by Schweizer in |33]; see also jl6] and [J7]. To obtain a characterisation of the LMVE 
strategy fi we need to derive the asymptotics of (14.51) . As in |37], the first ingredient for 
this is a decomposition of u T into three terms A\, AT, and A% for which we can control 
the asymptotics of each one separately. This follows by using the same arguments as in 
[4T] which we give here for completeness. 

Proposition 4.2. For all strategies fi, 5 G and every partition r of [0, T], we have 



u T [fi,5] = A\ + A T 2 +A 



3' 



where 
A\ = E B 



7 (£(0) + fi) - A - T c M 5 + 5 T 7] 



Al 



U€T n \{T} 



Var 


rU+i 
hi 


5dA 




E[Bt i+1 ~ 


-B t 





k&T n \{T} 



Cov 



L ti+1 (0) - l,m + (e(0) + ^ + s)dM, sdA 



U+i 



E[B ti+1 - B u \JFt^ 

Proof. Plugging fi and fi + Stt ti) t i+1 ] into the definition of U(-) gives that 
U ti (fi)-U ti (fi + 6l (tijti+l] ) 

= -E 



1 



(ti,U+l] ' 



ru+i 






r T i rU+i rU+i 




/ 5 u dS u 




+ 7 Cov 


/ fi u dS u + - / M^u, / 




Ju 











(4.6) 



Using S = So + M + A and the definition of Y(fi) we can write 



fi,,dS„ - E 



Y T {fi)-Y u {fi)+ [ T fi u dM u , 
Ju 



which gives 



Cov 



fi u dS u 



U+i 



-- Cov 
+ Cov 

1 



Y T (fi)-Y u (fi) + 



5 u dS u 



U+i 



U+i 



6 u dS u 



fi u + -S u ) dM u , 



U+i 



5 u dM u 



U+i 



Y T (fi)-Y ti (fi)^ (fi u + 5 u )dM u , 

U+i 



rU+i 




\ 5 u dA u 




hi 





Var 



5 u dA u 



u 



(4.7) 



15 



Since Y($) and J ddM are martingales, the second term on the right-hand side above 
equals 

Y u+1 (#) - F 4i (■&) + [ (tf u + 5 U ) dM u , I 5 u dA u T ti . 



rU+i 




/ S u dA u 


T u 


hi 





With an analogous argument and inserting the Galtchouk-Kunita-Watanabe decomposi- 
tion Y(d) = Y Q (d) + / £($)dM + L(tf), we obtain 



Cov 



r T (tf)-y ti (tf)+ / d u dM u + - 



\ fU+i 



5 u dM UJ 



5 u dM u 



t, 



Gov 



<i+l 



(&(#) + i?«)dM« + L u+ M - L ti (tf) 



1 

2 



5 u dM u , 



■i+i 



5 u dM u 



E 



■i+l 



J 7 *. 



(4.9) 



By the martingale property of J 5dM and using a = c A + r/ we have 



5 u dS n 



E 



Jti 



T ti 



(4.10) 



Combining fl4.6l) - fl4.10l) we conclude that 

^(tf)-^(tf + 5| (ti)ti+l] ) 



+ 7 Cov 



+ -Var 
2 



Y tl+ M - Y u {$) + / (tf u + £ tt ) dM„ 

ti+l 









T u 


hi 





5 u dA u 



T 



u 



ti6Tn\{T} 

= £ B [(f (0) + - A + |5) T c M S + 5 T V 
which completes the proof. 



After dividing by E[B U+1 -B^T^ multiplying by l( ti) t i+x ] and summing over U e r\{T}, 
we obtain u T [&, 5} on the left-hand side and A\, A^ and A\ on the right-hand side, as 



□ 



E 




-|^) T cf^-^ u ) dB u 


T u _ 




E[Bu +1 - 


B u\T ti ] 





V 1 



1(3 



Since A\ is of the same form as the corresponding term in Proposition 2.2 in |4T] , 
we obtain its asymptotic behaviour by the same argument as in Lemma 3.1 in jl?]. The 
additional term S T rj is not relevant for this. 

Lemma 4.3. Let (r n ) n6 N be an increasing sequence of partitions tending to the identity. 
Then 

lim A? = (7(^(0) +0) - X+-S) c M 8-8 T r) P B -a.e. (4.11) 

Proof. We observe that (7(^(1?) + 0) - A + \8) c M 5-5 T n G L\P B ), since and 5 are in 
9, and recall that (V Tn ) ne ^ increases to the predictable cx-field V, since (r n ) ng N is increas- 
ing and tending to the identity. As A\ n = E B (0) + 0) - A + §6) T c M 5 - 5 T r]\V Tn ] 
by definition, (^4[ n ) n eN is a uniformly integrable Pe-martingale and (14. lip follows from 
the martingale convergence theorem, since is pre- 

dictable. □ 

To show that the term A T £ is asymptotically negligible, we establish the following 
general convergence result. For this we argue with the predictable measurability of X and 
need not assume continuity of X as in Proposition 3.5 in [Uj. Applying our techniques to 
local risk minimisation enables us to generalise this concept and some related results to a 
general semimartingale setting as well. In particular, we are able to drop the continuity 
of A and (SC) in Theorem 1.6 and Proposition 5.2 in [37]; this will be explained in more 
detail in future work. 

Lemma 4.4. Let (r n ) ng pj be an increasing sequence of partitions of [0, T] tending to the 
identity and X G % 2 {P) a predictable finite variation process such that X = f adB for 
aeL°(B). Then 

^ Var \X t . -X t . AT t . J 
lim V I ' - '~ lJ l (t . , t] = P B -a.e. 4.12 

n ^oo E\B t . - B t . , LF t . J l *- 1 '* ,J 

Proof. We first decompose 

V ^[(AVAU^U v (E[X h - X^l^]) 2 

2-** E\Bt -B* \T f 1 ^ RfR. -R \T, 1 (**-!»**]■ 

i l er„\{o} L u H - 1{ u - lS her n \{0} 

For the proof of f !4.12p we then only need to show that both sums on the right-hand 
side converge to the same limit aAX. To that end, set t Tn = inf{s G r n | s > t} and 
t Tn ~ = sup{s G r n I s < t} for each £ G [0,T], and X n (u;,t) = (X t r n - X t r n -)(u) and 



.A] = 


P B -a.e. 


{E[Xu ' 


- Xu-AFi ti_i]) 


E[B ti 
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X n (u,t) = E[X?\JF t T n -](u) for all (u,t) G £1 x [0,T]. Using X = J adB we can write 



U&T n \{0} 



V g[(A'., -Jf,,,,) 2 ^,,,,] 



and 



tiGr„\{0} 



^ E[B t .-B t . AT t . .] 



= £ E[X ti - X ti _ t i^_J R ]T / 1 l {ti _ lM = X n E B [a\V" 

U€T„\{0} 

By estimating sup ngN |X n a| < 2\a\ sup 0<s<T \X S \ and sup 0<s<T |X,| < \dX u \, we ob- 
tain that sup neN |X ra a| G L 1 (P B ) as J Q (J Q \dX s \)\a u \dB u — ( J \dX s \J G L l (P). Since 
X is RCLL and t Tn \ t and t Tn ~ /* t as n — > oo, it follows that X n converges pointwise 
to AX. Combining this with the integrability of sup ngN |X n a| gives that E B [X n a\P Tn ] 
tends to a AX P B -&.e. by Hunt's lemma (see [18], V.45), since V Tn increases to V and 
aAX is predictable. As the P B -a..e. convergence of E B [a\V Tn ] to a already follows by the 
martingale convergence theorem, it remains to show that X n converges to AX P B -&.e. for 
the convergence of the second sum. Since sup ngN \Xp- n — X t r n _\ < 2 J Q T \dX s \ G L 2 (P) for 
all t G [0, T] and X n converges pointwise to AX, it follows by Hunt's lemma that 

X™ — ► E[&X t \jF t -\ P-a.s. for each t G [0, T). (4.13) 



By Theorem III. 5 in [UJ the limit coincides with AX t , as AX is predictable. Since 
{lim^ooX™ ^ AX} B([0, T]), we obtain that X n converges to AX P B -a.e. from 

(I4.13P by Fubini's theorem. This completes the proof. □ 

With this we have now everything in place to derive the asymptotics of u T [&, 5}. 

Lemma 4.5. Let (r n ) ne ^ be an increasing sequence of partitions of [0, T] tending to the 
identity. Then 

lim u Tn [0, 5} = (7 + tf) - A + -5) T c M 5 - 5 T r] P B -a. e. 
for all $,5 G 6. 
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Proof. The proof follows immediately by combining Proposition 14.21 and Lemma 14.31 after 
we have shown that A^ 1 and A% n converge to Pg-a.e. To that end, we estimate 



covk +1 (tf)-y^)+ / 

Jt, 

<Var F ti+1 (tf)-Y ti (tf) 
= E[X ti+1 - X ti+1 \F ti ]Yar 



U+i 



{d u + 8 U ) dM u , 



U+l 



(0„ + 5 U ) dM u 



5 u dA u 



Var 



U+i 



5 u dA u 



5 u dA u 



by using the Cauchy-Schwarz inequality and X := (Y + + 5)dM^j. Again by the 
Cauchy-Schwarz inequality we obtain from the above that 



< 7 








E[B ti+1 





Mk,t 



i+ij 



Var 


rU 
Jti 


5 u dA u 




E[Bu+ 


i ~ B ti \F ti ] 



(Al 



(4.14) 



\it\ p^J^'i 1ft ■ t -j. il- It is straightforward 



where P x := P®X and g| pr?i = £ 
to verify that (^ L \ VTn ) ne ^ i s a -Pe-martingale by simply checking the definition; see 
Lemma 3.4 in [37]. Since ^^|p T „ is non-negative, it follows directly by the martingale 

convergence theorem that (fpf |pT„) ngN is Pe-a.e. convergent and hence Pe-a.e. bounded 
in n. (Moreover, the limit coincides with the Radon-Nikodym derivative of the absolutely 
continuous part of Px with respect to Pb ) Since j 5dA = j 5 T adB, applying Lemma |4"~41 
with a = 5 T a yields that lim n ^ QO AT,™ = Pe-a.e. and therefore also that lim n _ >00 A^ n = 
Pe-a.e. by (14.14)) . This completes the proof. □ 

Having the representation of our criterion above, we can now describe the solution. 

Theorem 4.6. There exists a LMVE strategy d if and only if we have both 

1) S satisfies (SC) with X e L 2 (M), i.e. K T e L\P). 

2) There exists ip e 6 such that 



7 

where is the integrand in the GKW decomposition of f Q T ijj u dA u . 



(4.15) 
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In that case, d = ip. 

Proof. Using Lemma 14.51 it follows by definition that $ is LMVE if and only if 

+ tf) - A + c M 5 -5 T r]>0 P B -a.e. (4.16) 

for all 5 G 0. If 1) and 2) hold, (ESj) reduces to f 5 T c A/ <5 > for := $ = -A - and 

all 5 G O, which immediately gives that this strategy 1? is LMVE. For the converse, we 
first observe that since c M r\ = 0, choosing 5 = ^l{|r,T a |< n } for each n G N gives that 5 G 6 
and — 5 T 5 > in (I4.16p . This implies that rj = Pe-a.e. and therefore that 5 satisfies 
(SC). Set = I A - (£(£) + £)■ Then plugging 5 = ^t^^t^ G 6 into (035} for 
each n G N yields that — ^(f T c M (f > Pe-a.e. so that </? = in L 2 (M), which gives that 
A = 7(£(#) + i?) G L 2 (M). This completes the proof. □ 

As in discrete time, we say that a random variable H G L 2 (Q, J-^, P) admits a Follmer- 
Schweizer decomposition if it can be written as 

r T ~ 

H = H + gdS u + L$, (4.17) 



■/o 

where H G L 2 (fi,J r ,P), ^69 and L H G -Mo(P) is strongly P-orthogonal to M. 
However, unlike the discrete-time case a FS decomposition in continuous time is no longer 
unique in general; see Remark 1.4 in [10] and Example 14. 141 below. Using this notion we 
can then give the following alternative characterisation of the LMVE. Note that in contrast 
to the notion of optimality this alternative description is in some sense global. 

Theorem 4.7. There exists a LMVE strategy $ if and only if S satisfies (SC) and (the 
terminal value of) the MVT process Kt is in L}{P) and can be written as 

K T = K + [ £dS + L T (4.18) 



o 



with K G L 2 (n, T ,P), £ G L 2 (M) such that (-Ae L 2 (A), and L G Mq(P) strongly 
P-orthogonal to M. In that case, d is given by $ = - (A — £) , = 

Z t 0) = ±-(k + J £dS + L t - K t ) (4.19) 



and 



U t (d) = x + jf (d+ if) dS+ i (k + %-\e [K T - K t + (L) T - (L} t \T t ] ) 



(4.20) 
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with canonical decomposition 



U t {#) = x + - [K 
7 



XdM + L t 



-E 



K T + (L) T \jr t ]^+±-(K t + (L) t ). (4.21) 



If Kt is in L 2 (P) and admits a decomposition (14.181) . the integrand £ is in and (I4.18P 
coincides with the Follmer-Schweizer decomposition of Kt- 

Proof. The equivalence between the existence of the LMVE strategy $ and the decompo- 
sition ( I4.18P follows from Theorem 14.61 by the same arguments as in discrete time given 
in the proof of Lemma 13.41 and before. Indeed by comparing (13.81) and ( 13. 9p . the inte- 



grability properties can be ticked off from the corresponding parts in the decomposition, 
since Kt = j \~l l d(M) u \ u is in L l (P) or L 2 (P), respectively. This also yields (I4.19p by 
simply plugging •& = -(A — £) and the parts of (14.181) into (|4.3j) . For the proof of (I4.2ip . 
we observe that the square-integrable martingale R($) given by Rt($) = E[ fludS^J-'t] 
for t G [0, T] is equal to -(K + A • M + L). Inserting this into the definition of U t ($) 
gives 



U t 0) =x + R t (d) - IE [(Rt0) ~ Rt(&)f 



X + R t (d)-1 E (R(&)) T -(R(d)) t 



(A • M) T - (A • M) t + (L) T - {L)t 



x+-(K + \-M t + L t )-—E 
7 2 7 



and therefore (1431]) . Since Rt(&) = f*$ u dS u + ±\ K + f*£ u dS u 
we then obtain (I4.20p from (I4.2ip . which completes the proof. 



L t -K t 



by gm, 

□ 



In specific Markovian frameworks, relations like in Theorem 14. 71 have been obtained in 
[2] and [3] by arguments using the Feynman-Kac formula, which are available there. The 
link between the LMVE strategy d and the FS decomposition now allows us to exploit 
known results on the FS decomposition to give a sufficient condition for the existence and 
uniqueness of d as well as an example where it is not unique below. To formulate this, 
we first need to introduce some of the terminology used in Since the existence of d 
implies that S satisfies (SC) with A e L 2 (M), we have that —A • M is a square-integrable 
martingale. For any stopping time a we denote ff £(-A • M) = £(- (Al ](TiT]] ) • M) . bmce 
—A • M is RCLL, it has P-a.s. at most a countable number of jumps with A(— A • M) = 
— 1, and so we can define an increasing sequence of stopping times T n by T = and 



■n+l 



inf{t > T n | T "£(-A • M) t = 0} A T. 



Definition 4.8. We call £{—\ • M) regular if for any n, T "S(—X • M) is a martingale. 

Definition 4.9. We say that £{—\ • M) satisfies the reverse Holder inequality B,2(P), 
if there exists a constant c > 1 such that for any t, 

E[ [ t 8{-\'M) T \ 2 \F t ] <c. 
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Definition 4.10. We say that an RCLL process X is an S(—X • M)-martingale, if for 
any n G N, 

E[\X fn f «£(-\-M) fn+i \] <+oo 
and (ljf n T j ' X) Tn S(—X • M) is a martingale. 

Definition 4.11. A local martingale N G Al^ 0C (P) is in bvnoi, if there exists a constant 
c such that 

E[(N) T -(N) t \T t ]<c 2 
for all t G [0,T]. The smallest such constant c is denoted by ||iV||f, m02 . 

With the definitions above we can give the following sufficient condition for the exis- 
tence of the LMVE strategy. 

Corollary 4.12. Suppose that S satisfies (SC) and that S(—X • M) is regular and satisfies 
B,2(P). Then the LMVE strategy $ exists, is unique and given by ft = -(A — £), where 

£ G 6 is the unique integrand in the FS decomposition of Kt G L 2 (P), and 

Z t {d) = ±-E[E( - (Alj t)T1 ) • M) T (K T - K t )\F t ] (4.22) 

for t G [0, T] . 

Proof. By Proposition 3.10 in [9], we have that —A • M is in bmo2 and therefore that Kt = 
(A • M) T is in L 2 (P) because £(— A • M) is regular and satisfies R 2 (P). Moreover, by 
Theorem 5.5 in j9], S admits an FS decomposition (in the stronger sense of Definition 5.4 
in [9]), which implies in particular that every H G L 2 (P) has a unique FS decomposition, 
if and only if £(— A • M) is regular and satisfies ^(-P)- Combining this with Theorem 
14. 71 we obtain that the LMVE strategy $ exists and can be represented as above in terms 
of the FS decomposition of Kt- Since a random variable admits an FS decomposition 
if and only if it is the terminal value of an ^-martingale in "H 2 (P, F) (see the discussion 
preceding Theorem 5.5 in pj), we obtain that 

E[£{- (Al ]t)T] ) • M) T K T \F t ] =K Q + ftdS u + L t 

Jo 

by Proposition 3.12.i) in [9] and therefore f)4.22p via 04.19p . which completes the proof. □ 

Remark 4.13. 1) If £{— A • M) is strictly positive in addition to the assumptions 
above, then it is the density process of an equivalent martingale measure for S, 
the so-called minimal martingale measure (MMM) P; see [22] • In this case, f !4.22p 
can be written as Zt($) = ^E[Kt — K^F^. This relation has been obtained in [2] 
and [3] in the specific Markovian frameworks used there by arguments using the 
Feynman-Kac formula. 
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2) If the MMM exists and its density process satisfies i^C-P) an d S is continuous, then 
the FS decomposition coincides with the GKW decomposition under P; see [10] . In 
the case, where 5" is discontinuous, the relation between the two decompositions is 
more complicated and has recently been established in [TT] . 

3) Applying the previous results allows us to obtain the LMVE strategy in concrete 
models in the following way. First, we check if S satisfies (SC) by using its canonical 
decomposition. If this is true, we obtain A and therefore K and £{— A • M) directly 
and explicitly from the canonical decomposition of S. If £(— A • M) is regular and 
satisfies ^(-P), we can try to obtain the FS decomposition of Kt via Theorem 4.3 in 

which gives the LMVE strategy by Theorem 14.71 Moreover, if £(— A • M), the 
candidate for the density process of the MMM, is strictly positive in addition to the 
previous assumptions, the MMM exists and we can derive the FS decomposition as 
explained in the previous remark from the GKW decomposition of Kt under P. In 
the case that £(— A • M) does not satisfy Ri{P) and is (as in Example 14. 141 below) 
not even regular, the procedure above can still be used to derive a candidate for the 
LMVE strategy that might be verified directly to be square-integrable and hence to 
yield the optimal strategy. 

4) Since one can obtain the ingredients A, K and £{— A • M) directly and explicitly from 
the canonical decomposition of S, obtaining (a candidate for) the LMVE strategy as 
explained in 3) is more explicit than solving the static but multiperiod or continuous- 
time Markowitz problem via finding the variance- optimal martingale measure; see 
|4T] and Section 1.3 and 2 of [2] for a comparison of both strategies in a complete 
market and a discussion. 

5) If one cannot determine the LMVE strategy along the steps in part 3) explicitly, 
one can still try to compute it numerically. For this, one observes that the FS 
decomposition (I4.17P is the solution to a linear backward stochastic differential 
equation (BSDE). If the required conditions are satisfied, one can apply the numer- 
ical schemes that have been developed for Markovian Lipschitz BSDEs to solve the 
BSDE numerically; see [3] for an overview as well as the references therein. As the 
BSDE is linear, these algorithms simplify to calculating conditional expectations 
and integrands in martingale representations numerically. This has already been 
observed in [2], where it has been suggested to do this with Monte Carlo simulation 
and Malliavin derivatives. 

The following example illustrates how one can calculate a LMVE strategy explicitly 
and shows that it might not be unique in general. The example uses the same idea as 
that for the non-uniqueness of the FS decomposition in [TU] . 

Example 4.14. There exists a price process S G "H 2 (P) such that S satisfies (SC), the 
terminal value of the MVT process admits a FS decomposition and hence the LMVE 
strategy exists. However, the integrand in the FS decomposition and the LMVE strategy 
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are not unique. Moreover, the solution to the static MVPS problem f |2.3[) fails to exist, 
as the price process does not admit an (equivalent) martingale measure. 

For convenience we give the construction on the infinite time interval [0, +00). The 
corresponding example on the finite interval [0,T] can be easily obtained from that by 
using the time change h : [0, +00) — > [0,T) given by h(t) = T(l — exp(— £)) and then 
considering Sh(t) instead of S t . 

Let W = (Wt)t>o be a Brownian motion on [0, +00) and set 



a := mf{t > | £(-W) t 

rS] 



±} = inf{i >0 I W t + k = log2} 



and St := W aM + a At. Since [M 5 ]^ = a and J °° \dA%\ = cr, the square- integrability of S 
follows from the existence of the first and second moment of the stopping time a. These 
are given by E[a] = 2 log 2 and E[a 2 } = (21og2) 2 + 8 log 2, which can be calculated by 
using the derivatives of the Laplace transform 



of the stopping times a a ^ : 
Then A = 1 and K t 
= G 6 and 1 = 



g(a) = E[exp(— a<x ttl &)] — exp(a& 
inf {t > 



\a\V2a + b 2 ) for a > 



(4.23) 



Wt + at = b} at a — for a = | and b = log 2. 
a At and 1 admits (at least) two FS decompositions 1 = 1 with 
1 - \ + ^(SOoo with f 1 = l£(S), where \8{S) G 6, as 



1 + 1 

2 ~ 2£(-W) a 2 1 2 

< 1 by definition of a and therefore 



E 



[£(S)>M S } ( 



E 



\dA: 







= E 


u 






= E 


XL 







£(S) 2 l du 



~ a l 

-£(S) u du 



<E[a], 



The linearity of the FS decomposition then implies that no FS decomposition is unique 
in this market and it therefore only remains to construct a FS decomposition of K^. To 
that end, we define 



t ■- 



E[E{-W) a a\H _ 1 E\a\Ft] 
£(-W) aM 2£(-W) aM 

al {a < t } + -E[a\J r t ]£{S) t t{a<t} = ^{a<t} + f(S t ,t)l {a < t } 



where f(s,t) := |(^[cri ) 



b\\b= 



;2-( s -it) 



t) exp(s — |t) = ( log 2 — (s — t)) exp(s — |t) due 



to the stationary and independent increments of Brownian motion. By Theorem 9 in 
and Ito's formula the so-called generalised FS decomposition of is then given by 

K OQ =f (0,0) + ^ ^(S u ,u)dS u 

= log 2 + J ( log 2 - 1 - (S u - u)) exp (s u - ^uj dS u , 
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which coincides with the (classical) FS decomposition, since ^ K °° := j£(S u , u) G 0. To 
see the latter, we estimate 



E 



£-\d\K 



E 



< E 



| log 2 - 1 

(log2-l 

<2E (log2-l)V 
<2((log2-l) 2 J E[ C r 2 ] 



(S u — u)\du 
\W u \)du 



SUp |W U | 2 C7 2 
0<M<cr 

cE[a 2 ]E[a 4 



and 



E 



= E 

< 2E 

< 2E 



(\og2 - 1- (S u -u)) 2 du 
7 ((log2- I) 2 + (W u ) 2 )du 



(log 2 



l) 2 a 



sup \W U \ a 

0<u<a 



< 2((log2 - l) 2 ^] + cE[a 2 ]E[a 2 ]), 

where we combined the Holder with the BDG inequality in the last step of each estimate. 
The moment E[a A ] can again be computed by differentiating the Laplace transform (I4.23p . 

Since the strategy £(S) G satisfies £(S) • Soo = £(S)oo — 1 = 1, the solution to the 
auxiliary problem (12.6p is given by (p = £(S) G and 1 G GV(0) := * St \ $ G 0}. 
The latter of course implies that the financial market does not even satisfy the weak no- 
arbitrage condition of no approximate profits in L 2 that 1 ^ Gt(Q), where denotes the 
closure in L 2 (P); see Section 4 in jl6]. Plugging a£(S) in into U(-) with a > 0, we obtain 



U(a£(S)) = E[x + (a£{S)) • S 



7 



Var[a; + (a£(S)) • S^] = x + a. 



Therefore the solution to the static MVPS problem (I2.3P does not exits, as the investor 
would like to buy more and more stocks exploiting this arbitrage opportunity by sending 
a to infinity. The solution to the classical Markowitz problem in the formulation (12. 4|) . 
however, exists and is given by ■^( m ' a: ) = (jn — x)£(S). This completes the example. 

By Theorem 14.71 the LMVE strategy has (in continuous time) the decomposition into 
the myopically mean-variance efficient (MMVE) strategy and an intertemporal hedging 
demand consisting of a locally risk minimising strategy as in discrete time, where the 
MMVE (in continuous time) is defined as follows. 



25 



Definition 4.15. For tp, G © and a partition r of [0,T], we set 

e [ b U+i - BtilFti 



-rr tjl U u{fMu,U+l]) ~ U t i (^(t i ,t i+1 ]) ^ 



*»6t\{T} 

^ E[B u+1 -B ti \T^ iu ' u+l] 



Uer\{T} 

A strategy <p G is called myopically mean-variance efficient (in continuous time) if 

liminf u Tn [p^} > P B -a.e. (4.25) 

/or any increasing sequence (r n ) n£ N of partitions tending to the identity and any d G G. 
With the definition above the MMVE strategy is then given by - A as in discrete time. 

Proposition 4.16. There exists a MMVE strategy (p if and only if S satisfies (SC) and 
the terminal value of the MVT process Kt is in L 2 (P). In that case, (p is unique and 
given by (p = ^A. 

Proof. Since ^[p, $\ = u T [0, ■&] — u T [0, <p], it follows from Lemma l431 that a strategy tp G G 
is MMVE if and only if 

lim u T "[p,$} = ip T (c M \ + 7])--p T c M p-$ T (c M \ + 7i) + -tf T c M $ > P B -a.e. (4.26) 

n— s-oo 2 2 

for any increasing sequence (r n ) ngN of partitions tending to the identity and any $ G G. 

Now suppose that S satisfies (SC) and the terminal value of the MVT process K T is 
in L 2 (P) first. Then the square-integrability of Kt implies that ^A G G, as 

T 



Kt = / X^c^ 1 X u dB u = / \\la u \dB u . 
Jo Jo 



Choosing <p = ^A in (I4.26P and completing squares gives that f — p) T c M ($ — tp) > 
PB-a.e. for all $ G G and therefore that (p = ±A is MMVE. 

Conversely, assume that there exists a MMVE strategy (p. Then plugging in the 
strategies i? = <p + r]t Dk G G with Du = {\f] Ta \ < k} and $ = ^Xlrj k G Q with 
D k = {A T c A/ A T + |A T a| < k} for k G N into ( 14T261) gives that -r] T r] > P B -a.e. and 
2 (~A — <^) T c M (^A — </?) > Pe-a.e. on P&. Therefore choosing sufficiently large implies 
that S satisfies (SC), i.e. r\ = 0, and that = ^A, as we would otherwise derive a 
contradiction. Since <p G G, we also obtain the square-integrability of Kt from the latter 
by Kt = 1 j 0la u dB u G L 2 (P), which completes the proof. □ 

Instead of optimising the conditional mean-variance criterion as the MMVE investor 
in each step separately the LMVE investor seeks to invest more sustainably by taking 
also the investment horizon T into account. So the difference between the LMVE and 
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MMVE strategy is that the LMVE investor hedges in addition to holding the MMVE 
strategy the risk coming from considering this strategy not only over the next period but 
on the entire remaining time interval. The risk induced by this is driven by the stochastic 
investment opportunity set and can be represented by -Kt using the MVT. This risk 
is then minimised by the LMVE investor in the sense of local risk minimisation which 
yields the additional intertemporal hedging demand ~£ = in the LMVE strategy. 
In fact the LMVE and the MMVE strategy coincide and the relations in Theorem 14.71 
simplify, if the investment opportunity set or more generally the terminal value of the 
MVT process Kt is deterministic. Note, however, that the optimal strategy d for the 
static MVPS problem (I2.3P is still different. The price processes S has a deterministic 
investment opportunity set, if it has independent increments, which is for example the 
case if S is a Levy process or the exponential of one. A discussion and comparison between 
the LMVE/MMVE strategy and the solution to the static MVPS problem Q in the 
Black-Scholes model is given in Section 1.4 in [2]. 

Corollary 4.17. Suppose that S satisfies (SC) and that the terminal value of the MVT 
process Kt is deterministic. Then: Suppose that S satisfies (SC) and that the terminal 
value of the MVT process Kt is deterministic. Then: 

1) The FS- decomposition of Kt reduces to Kt = Kq, the LMVE strategy •& exists and 
coincides with the MMVE, i.e. i? = (p — -\, and the equations in Theorem \4- 7| 

simplify to Z t ($) = ^(Kt — K t ) and 

( 1,,„ 1 



U t (d) = U t ((p) = x+ -XdS + — (K T + K t ). 

Jo 7 27 

2) If S is in addition continuous or the entire MVT process K is deterministic, the 
optimal strategy d for the static MVPS problem (12. 3p is given by 

& = - 1 -^£(-\ • S)Ji, 

18{-K) T 

where A := and K t := J Q 1+ ^ Ku dK u , and 

um = Va • s )t £ ±Sk (1 - Va • s), (1 - £ ±Sh 

1 £(-K) t \ 2 \ £{-K), 

Proof. 1) Since Kt G L°°(P), we have that £(— A • M) is regular and satisfies R,2(P). 
Therefore the FS decomposition of Kt exists, is unique and given by Kt = K Q . The as- 
sertions on the LMVE and MMVE strategy follow then from Corollary I4.12[ Theorem 14.71 
and Proposition 14.161 

2) Under these assumptions the solution <p to (12.61) is given by <p = £(—\ • 5)_A by 
Theorem 7 and 8 in [45]. The formulas for $ and C/ then follow by ( 12. 5ft and direct 
computations. This completes the proof. □ 
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The optimality condition (I4.15P basically tells us that the locally mean-variance effi- 
cient strategy $ is a fixed point of the mapping J : — > given by 

j(0) = Ia-£(0). (4.27) 

7 

Exploiting again the relation to the FS decomposition, we can show that this fixed point 
can be obtained by an iteration. Since the iteration algorithm reduces to a backward 
recursion in discrete time, this can be seen as a continuous-time analogue of the recursive 
derivation of the LMVE strategy in Lemma [3721 in discrete time. Moreover, the character- 
isation of the LMVE strategy as a fixed point illustrates the game-theoretic interpretation 
of the optimal strategy as an equilibrium of an intrapersonal game. 

Lemma 4.18. If the mean-variance tradeoff process K is bounded and continuous, the 
mapping J($) = — is a contraction on (0, ||.||/3 i0 o) with modulus of contraction 
c G (0, 1) where 



S(-f3K) u 



L 2 (P) 



In particular, the locally mean-variance efficient strategy $ is unique and given as the 
limit 



■d = lim d n 

n—too 



in (0, ||.||^oo); where $ n+1 = J($ n ) for n > 1, for any starting value $° = "d G 0. 

Proof. Integrating both sides of (14.271) with respect to M and using the definition of £ ($) 
we obtain 



and from this 



J u ($)dM u = / -\ u dM u + Y ($) + L T (&)- / $ u dA l 
o 7 Jo 



^K T - ^ l-X u - # u \ dA u = Y (&) + ^ l-X u - J u {$) ) dM u + Lr(&) 



after rearranging terms and inserting the zero term -Kt — - j Q T X u dA u . Comparing the 
last equation with the definition of the mapping J in the proof of Corollary 5 in [10] 
gives that J{$) = ^\ — J C^X — 1?V as L{$) is strongly orthogonal to M and therefore 

the right-hand side is the GKW decomposition of the left-hand side. If K is bounded 
and continuous, it follows from the arguments in the proof of Corollary 5 in jlQ] that 
J: (0, ||.|| /?,oo) — y (0? ||-||/3,oo), and hence also J, is a contraction with modulus of contrac- 
tion c G (0, 1), which immediately implies that the sequence ( , (9 n ) converges to $ for any 
starting value $° = d G by Banach's fixed point theorem. □ 
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Remark 4.19. 1) Note that this proves that in our setting, the LMVE strategy d can 
indeed be obtained by the iteration procedure suggested in [3]. 

2) If the jumps of K are uniformly bounded by some constant b G (0, 1), it follows from 
the remark following Corollary 5 in [40] that J and therefore J are still contractions 
on (6, ll-ll^oo) with modulus of contraction c G (0, 1); see also Lemma [5761 later. 

3) Using the "salami technique" in [35], one can show that the iterations still con- 
verge if K is only bounded, even though the modulus of contraction c is then not 
necessarily in (0, 1). 

5 Convergence of solutions 

To establish a link between the intuitive situation in discrete time, where the time- 
consistent optimal strategy is found by a backward recursion, and the continuous-time 
formulation given by a limit, we show that the solutions obtained in discretisations of a 
continuous-time model converge to the solution in continuous time. This underlines that 
our formulation in continuous time is indeed the natural extension of that in discrete time. 
For this result, however, we need to discretise in an appropriate sense. 

Let (r n ) ng N be an increasing sequence of partitions of [0,T] such that \r n \ — > and 
assume for simplicity that S is one dimensional, i.e. d — 1. Then we choose B = (M) and 
set Pb = P(M) which we deliberately denote by Pm in this section. Moreover, we denote 
by S n the RCLL discretisation of S with respect to the partition r n , which is given by 

= S ti for all ti G T n and constant on [£j,£ i+1 ), and by F n = (J r ™) < t < T the filtration 
given by J 7 ™ = T ti for t G [ti,t i+1 ). This discretisation corresponds to the situation that 
we only trade at a finite number of given trading dates U G r n . Under the assumption 
that S = So + M + A is square-integrable, all S n are square-integrable semimartingales 
on J 7 , F n , P) with Doob decompositions S n = S + M n + A n in F n as constructed in 
Section [3j Since the processes M n and A n are a priori only defined on r n , we extend 
them to piecewise constant right-continuous processes on [0,T] by taking M™ = M" 
and A™ = A™, for t G [tf, ti+i) and ti G r n , which is consistent with the Doob-Meyer 
decomposition of the semimartingale S n with respect to the filtration F n . This will be 
the usual embedding we use to include the discrete-time case into the continuous-time 
framework (as for example explained in Sections I. If and I.4g in [27]). Note that M n and 
A n are not obtained by discretising the continuous-time processes M and A in the same 
way as we obtain S n from S; this explains the choice of notation, and it is the source 
of the difficulties in proving our result. For later references we denote by A4q(P, F n ) the 
space of all square-integrable F n -martingales null at zero and by "H 2 (P, F n ) = "H 2 (F n ) the 
space of all special F n -semimartingales with finite ?{ 2 (F n )-norm. 

To ensure the existence of a solution in the continuous-time setting, we assume the 
conditions of Corollary 14.121 These also yield the existence of solutions in all discretised 
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settings, in which we have 



„ AAV- 

E 



t i+1 £T n \{T} ly 1 *'< 



and 

„ AAV: 

Since we are changing our optimisation criterion each time we increase the partition, 
we cannot use the elegant approximation techniques for standard utility maximisation 
problems as in [31] to obtain the convergence of the solutions. Instead, we have to work 
directly with the structure of the solution. We exploit that we have $ n = ^(A n — £ n ) and 

•& = -{\ — £) as global descriptions in discrete as well as in continuous time, where £ n is 
the integrand in the discrete-time Follmer-Schweizer decomposition of K£ with respect 
to S n and (f2, J 7 , F™, P), i.e. 

K$ = KX+ ftdS n u +L n T = k-+ ttA S Z + LT 

Jo Uer n \{0} 

for n 6 N, and £ is the integrand in the continuous-time Follmer-Schweizer decomposition 
of K T with respect to S, i.e. 

K T = K + [ £ u dS u + L T . 
Jo 

For the proof of the convergence $ n = -(A n — £ n ) — > $ = -(A — £) we then show that 



and 



A n£ ^> ) A 0O :=A (5.1) 



f n L ^ := £ (5.2) 



separately. For the latter we also need to establish that 

K% ^9 := (5.3) 

The main difficulty is that the canonical decomposition is not stable under discretisa- 
tion in the following sense. As already pointed out, M n and A n are not simply obtained by 
discretising M and A to M t n := M ti and A" := A ti for t e [tj, tj+i). From the discrete-time 
Doob decomposition, they are rather given by the processes M t n := M t n + Mp n , where 

^ := ELi(A^? fc " ^[A^J^.J), and A? := g =1 | J,,] for t G [Mi+0- 

Note that we deliberately set (M n ) := (M n ) F ", (M n ) := (M n ) F ™ and (M A,n ) := (M j4 - n ) F " 
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to simplify notation. For the F n -martingale M A ' n , which represents the "discretisation 
error" in the canonical decomposition, we already know from Lemma 14.41 that 



rA,n\ 

lim 

rwoo d(M n ) 



lim \ 

n. — S-rm < J 



Var [A u 




E[(M) ti - 


-(M)u-AFu-A 



1 (U-i,t i ] = ^M-a.e. 



U er„\{0} 

Moreover, if A • M G bmo2, we have 

Var - V-iPVj < ^[(A - Vi) 2 |JVj 



X u d{M), 



t, 



< E 



X 2 u d(M) u ) ( I d(M), 
/ \Jti 

u 



U-i 



< (Mu-uU]X)'M 



bmo2 



E 



d{M) % 



ti-i 



? k-i 



by applying Jensen's inequality and the definition of the 6mo2-norm, which gives 



d(M A > n ) 



< sup ||(i (t . . mA) • Mir < ||A • Mir . 

— v r -. K^-lMi I \\bm02 — II Wbmo2 

L°°(P M ) U£r n \{0} 



(5.4) 



(5.5) 



d(M n ) 

However, to obtain the convergences (|5.ip - (l5.3|) above, we shall finally need to use that 
dt ^ M nj — > in L°°(P M ), and we also need a tight control in L°°(P M ) on the Kj, and on 
(Aif)y := sup 0<s<T |AiC™| in L°°(P), for an arbitrary increasing sequence of partitions 
tending to the identity. A sufficient condition for this is given in the following lemma. 



Lemma 5.1. Assume that K = J fi K dt and that \i K is uniformly bounded in u and t by 

1 and ^> ^ 



some constant c M > 0. Then: 



v d(M") — °> whlch implies jijj^ — > 



d(M n ) 



1. 



2) There exist uq G N and 6 G (0, 1) such that sup n> ||-KtIU°°(.p) ^ s fi n ^ e an d 
sup n > no \\(AK n y T \\ Lac{P) < b, and moreover (AK n )* T m L°°(P). 

Proof. 1) This immediately follows from (I5.5P above and observing that 

|2 



||(A1 M )-M||L 02 < sup \\E[K t -K u \T u ]\\ L ~ {P) <c^t-s). 

s<u<t 



From 



d(M A ' n ) L°°(Pm) 
d{M n ) 



we then obtain that 



d(M n ) L°°(Pm) 
d{M n ) > 



1 by using M n = M n + M ,n and 

the Cauchy-Schwarz inequality. The latter convergence also implies that L J—^^ i_ 

2) Since jjjgj^ 1, we can choose n G N such that sup n > no ||^^| IL°°(p M ) - c for 

some c > 0. By the Cauchy-Schwarz inequality we can estimate 

2 



n \2 



A n d(M) u 
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which gives for n > no that 



\\(AK 



n\* II 

t\\l°°(p) 



sup 



< 



t i+1 er:\ {T} E[(AM? i+i m 
d(M n ) 



L°°(P) 



d(M n ) 



L°°{P M ) 



sup £[# ti+1 -i^|.F*J 

ti+l€r„\{T} 



< c^c\r n \ 



0. 



L°°(P) 



By the same arguments we obtain || AK™ \\l°°(P) < c^c(t i+ i —ti) for n > no and therefore 
sup n>no ||i^||x,oo(_p) < c^cT after summing up. This completes the proof. □ 



Because 



sup n>no || 1L°°(Pm) ~ C ' we can a ^ rea< ^y prove ( 15. ip via the next lemma. 



d(M n ) l°°(.Pm) 
d{M n ) 



1 implies the existence of some n$ G N and c > such that 



Lemma 5.2. Lei A G L 2 (M) and assume that 

x n m ] A. 

Proof. Using (SC), we can write 



d(M n ) 



d{M n ) 



L°°(P M ) 



< c for some c > 0. Then 



E\fi» \ u d(M) u \jr u ] E[(AM? i+i y\F u 



t+u 



P A ./[A|P T "] 



d(M n ) 
d(M n ) 



Since the cr-fields V Tn increase to the predictable cr-field V and A G L 2 {Pm) is predictable, 
(E M [\ I P 7 ™ ]) ngN is a square-integrable martingale on (fl x [0, T],V, (V Tn ) n ^, Pm) which 
converges to A P/^-a.e. and in L 2 (Pm) by the martingale convergence theorem. To con- 
clude the assertion, we use the following simple fact with X n = A n , Y n = ^^ n | and 
P = Pm- Let {X n ) and (V n ) be two sequences of random variables such that X n — > X 
P-a.s. and in L 2 (P), Y n — > Y P-a.s. and ||V n ||_L°°(p) < c and ||^||l°°(p) < c f° r some 
c> 0. Then X n y n -> XF P-a.s. and in L 2 (P). Due to the estimate 

\\X n Y n - XY\\ LHP) < \\(X n - X)Y n \\ LHP) + \\X(Y n - Y)\\ L2{P) 



< c\\X r 



X\ 



L 2 (P) 



2c\\X\ 



L 2 (P) 



this can be seen by using that X n Y n — > XY P-a.s. and Lebesgue's dominated convergence 
with majorant 2c|X| G L 2 (P), which completes the proof. □ 

For the proof of ( 15. 3 p we establish the following result which is slightly more general 
than we actually need. 



Lemma 5.3. Let A • M G bmo 2 and assume that £' 
for each n G N. Then C • A% -> £ • A T in L 2 (P). 



L 2 (M) 



£ and that £ n is V Tn -measurable 
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Proof. As each £ n is piecewise constant along r n , we obtain 

(c • A n T -i • A T y 



E 



< 2E 



Q(^1-AAI) + (C-0-At 

tiGT„\{0} 

5 

ti6T„\{0} 

2" 



2£ 



((r-o-Ar)' 



and therefore that 



E 



(e • ^ - $ • a t ) 2 < 2£[(n 2 • (M^'™) T ] + 2|ir - em* 



(5.6) 



by Ito's isometry, since £ n • M A,n G A^(P,F n ). Replacing (M A ' n ) by d f^) • (M n ) and 



using that £ n G L 2 (M) and ^m4r are piecewise constant along r n , we can write 



E[(C) 2 ' (M A ' n ) T ] = E 



f d(M A ' n ) 



E 



M 



ld(M A > n ) 
d(M n ) 



Moreover, ( aK !Ji r w , ; ) is bounded in L°°(Pm) due to ( 15. 51) . Applying again the simple 

fact from the proof of the previous lemma, this time with X n = £ n , Y n = \J d ^ M ' n ^ - and 

P = Pm, we obtain that (^ n ^J ^e^y) conver g es to in L 2 (Pm). To complete the proof 
we observe that the second term on the right-hand side of (15.61) also vanishes, since we 
have ||e - ah (A ) < 8 H A • M \\b m02 \\e L - Z\\ 2 L , {M) by Theorem 3.3 in HJ. By combining 
Jensen's inequality with the definition of the frmcvnorm as in the last line of (15. jj) , we 
can replace the constant 8 actually by 1. □ 

Now (15. 3p follows immediately by combining the two previous lemmas. 



Corollary 5.4. Let A • M G bmo2 and assume that 



d(M n ) 
d(M n ) 



L°°(P M ) 



< c for some c > 0. 



Then K. 



L\P) 



T 



K 



T ■ 



To conclude the convergence of the LMVE strategies, it then remains to show (15.21) . 
For this we establish the convergence of the discrete Follmer-Schweizer decompositions 
obtained in a sequence of discretisations of a financial market as the partitions tend to 
the identity. More precisely, we want to prove the following result. 
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Theorem 5.5. Suppose that K is bounded, d ^ Mn ^ L and that there exist n G N 
and b G (0,1) such that sup n>no H-ftT^H^^) < oo and sup n>no || (AK n )^\\ Loo ^p) < b. Let 
H n ,H G L 2 (P) be contingent claims and (r n ) ng N an increasing sequence of partitions of 
[0,T]. Write the Follmer-Schweizer decompositions of H n and H with respect to S n on 
(ft,.F,F n ,P) and S on (n,F,W,P) as 

H" = H% + f QdS: + L n T = H-+ &A S u + 1 t ( 5 - 7 ) 

JO i ^ \ mi 



and 



U&T n \{0} 

H = H + [ £ u dS u + L T . (5.J 
Jo 



Then £ n converges to £ in L 2 (P M ), if H n — )• H in L 2 (P) and \r n \ — > 0. 

For the rest of the section, we always work under the assumptions of Theorem 15.51 
To simplify notation we set H°° := H, S°° := S, f°° := t M°° := M°° = M, A 00 := A, 
K°° := K etc. Note that M A '°° = 0. As we deal with GKW decompositions with 
respect to different martingales, we denote the GKW decomposition of a random variable 
H G L 2 (P) with respect to X G M 2 Q (P, F n ) for some n G N := N U {+00} by 

H = E[H\ Jo] + / UX,H)dX u + L T (X,H), 
Jo 

if we need to clarify the dependence on H and X. If n G N, i.e. in discrete time, we have 

E[H^X U \T^] 



tt(X,H) 



EKAXu) 2 ^] 



for t G [U,ti+x)- The first step in the proof of Theorem 15.51 is then to observe that the 
Follmer-Schweizer decomposition can be obtained under our assumptions by a fixed point 
iteration, as is shown in Lemma 15.61 below. This is basically the proof of Corollary 5 in 
[4"0] and the remark following that. However, as we are interested in the convergence of 
different Follmer-Schweizer decompositions, we need to establish that several constants 
are independent of n. This allows us to adapt the method of proof of [6] and [7] to our 
situation. That method is used there to show the convergence of solutions to discretisa- 
tions of a continuous-time BSDE to the solution in continuous time. Denoting by £ n,p the 
p-th step of the fixed point iteration leading to £ n , for n G N, (where = £) gives the 
decomposition 

c - e = (c - r >p ) + (£ n,p - r- p ) + (r >p - o- 

To establish the convergence of the FS decompositions, it then remains to show that £ n,p 
converges to £ n in L 2 (M) for sufficiently large n uniformly in n as p — > 00, and that £ n,p 
converges to £°°' p in L 2 (M) for each p G N as n 00, which will be done in Propositions 
loTTl and loTSl 
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Lemma 5.6. Under the assumptions of Theorem 15.51 there exist no G N and b G (0,1) 
such that the following hold for all n G N>„ := {n G N | n > no}: 



1) S n = L 2 (M n ), and 



0,n 



o S(-I3K-) U 



d u d{M n ) u $ u 



L 2 (P) 



defines a norm on Q S n which is equivalent to || ■ || z, 2 (7Vf«) f or an V ft (0> \)> where 
the equivalence constant k can be chosen independent of n, e.g. 



k = max exp 



— sup ||^||l-(P) 
J- pu n>no 



L°°(P) 



2) The mapping J n : Qs n ~~ * ©s™ which maps i?e6s» into the integrand 



o/ M n in the GKW decomposition of H n (i)) := H n - j Q T $ u dAl, i.e. 

H n {d) = E [H n {$)\JF Q \ + / UM n ,H n ($))dM™ + L^(M n ,H n ($)), 

Jo 

is a contraction on (Ogn, ||.||/3, n ) with a modulus of contraction c G (0, 1) that can be 
chosen independent of n, for any (3 G (1, |). 

3) The integrand £ n in the Follmer-Schweizer decomposition is given as the limit 



C = = lim C ,P 

p— >oo 



III 



\\-b,n), where £ n '° = and £ n ' p = J«(^, P -i) for all p G N. 



Proof. 1) Under the assumptions of Theorem 15.51 there exists no G N with 

sup ||Ky||i<x.(p) < oo 

"Ann 



and therefore 



L 2 (M 



») < \W\\e S n < (1+ sup ll^ll^oo^)) 



n£N>„ 
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which implies that Qs n — L 2 (M n ) for all n G N> no . Moreover, since there exists b G (0, 1) 



such that sup n>n() || (A/i n )^|| L oo( P ) < b, the process 



such that £ (_p K n) > 1 and 



£(-/3K«) ~ ]lo< s <.(l-/9AX s ") 1S mcreasm g 



sup 

0<s<T 



1 



< 



L°°(P) 



exp( -/31og(l-/3A^)) 

\0<s<T J 



L°°(P) 



< exp 



sup ||ifr||£oo (P ) < oo 

PO n >n 



for all n > no and any (3 G (0, t). Since K°° is of finite variation, both parts of the 
decomposition K°° = AK°° + (K°° — AK°°) exist. Therefore we obtain by the esti- 
mates 1 < £{ _p Koo) = 22 ak°°-p\k°°-j: a^°°)) - e(^sF + ^) l|iir " lli00 ^ that the increasing 
process £ ^_p Kao ^ is uniformly bounded and 



L 2 



(M n ) < H^llAn < k ¥\\tf(M™) 



holds with k = max ^exp ^jr^; su Pn>n 

\\K 



t\\l°°(p) 



£(-f3K°°) T 



L°°(P) 



for all i? G 9sn, 



for all n G M> no . 

2) Following the remark after the proof of Corollary 5 in [10], we apply Proposition 
1 in [40] with (3 > /i 2 > 1, f = tf 1 - tf 2 , ip = J n (^) - J n ($ 2 ), V = Hfitf 1 ) - H^ti 2 ), 
L = L n (M n , H^ 1 )) - L n (M n , H{$ 2 )) and C = e( _} Kn) which gives that 



J n m-J n (^)\\l n = E 



T i 



-i> s d(M n ) s i> t 



<-E 
/i 2 



—$ s d(M n ) s $ s 



ll^-^ll?,n> 



and therefore that J n is a contraction on (Qs n , \\-\\p,n) with c := \ as modulus of con- 
traction for all n G N> no . 

3) This is an immediate consequence of 2) and Banach's fixed point theorem. □ 



By part 3) of Lemma 15.61 each Follmer-Schweizer decomposition can be obtained for 
sufficiently large n by a fixed point iteration in p. Then the next proposition says that 
these fixed point iterations converge for p — > oo even uniformly in n. 

Proposition 5.7. Under the assumptions of Theorem \5.5\ there exists %Gl such that 



sup \\C> p -C\\lHm) 

neN> nn 



0. 
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Proof. Using that there exist no G N and b G (0, 1) by Lemma [5.61 such that the J n are 
contractions on (Qs n , \\-\\p,n) with a common modulus of contraction c G (0, 1) independent 
of n, for any (3 G (1, r), and that £ n, ° = for each n G N>„ , we obtain that 

neN> nQ nGN> nQ 

<kj> sup iiriL <fcv sup ||r|| r ,^„ v (5.9) 



0,n - ° _^ II s llL 2 (M")- 

>n n£N>„ 



To get an estimate for the right-hand side of (15.91) . we are going to use the continu- 
ity of the Follmer-Schweizer decomposition and results on the equivalence of norms for 
£-local martingales. To that end, we view each S n on (Q, J 7 , F n , P). There we have 
that S n = S + M n + A n • (M n ) is an £(-A n • M n )-martingale (recall Definition HUD by 
Corollary 3.17 in [9], and £{— X n • M n ) is regular and satisfies R2{P) with the same con- 
stant exp (sup ng ^ >n ||^tIU°°(-P)1 f° r eacn n e ^>no by Proposition 3.7 in [9]. Therefore 
S n admits a Follmer-Schweizer decomposition by and in the sense of Theorem 5.5 in [9], 
which implies that ||£ n • Sj<\\l 2 (p) < l|-^ n |U 2 (P) f° r an n £ N> no . As the constant in ^(-P) 
is the same for all n G N>„ , an inspection of the proof of Theorem 4.9 in [9] yields that 

\\th . cn\\ < rll^ n • <? n ll 

also holds with the same constant c > for all n G N> no , which implies 

sup ||r|| L2(A>) < sup \\C ' S n \\ n2{¥n) < c sup \\H n \\ L 2 {P) . (5.10) 

Moreover, as j/tL\ — > 1 in L°°(Pm) by our assumptions and part 1) of Lemma I5TTI there 



d(M") 

exists a constant c > such that 

■z\\$\\l2(M") < II^IU 2 (M) < cll^H^^n) 

for all "d G Qs n — L 2 (M n ) and all n G N> no by possibly enlarging no- Combining this 
with (ESD and fl5TT0|) gives that 

sup \\C' p -e\\ LHM) <k 2 (?cc sup \\H n \\ L2{p) P ^0, 

since sup ng ^ >n ||f/" n || i2 ^ is bounded because H n — > H in L 2 (P). This completes the 
proof. □ 



Before we can conclude the proof of Theorem 15.51 we need to establish not only the 
convergence of the fixed point iterations as the number of iterations p tends to infinity, 
but also at each step as the mesh of the partitions goes to 0. 
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(5.11) 



Proposition 5.8. Under the assumptions of Theorem \5.5\ 

\\ <-n,p /-oo.pll n— »oo „ 
IK - ? IU 2 (M) ► <J 

/or eac/i p EN . 

Proof. We prove this by induction onpG N . To that end, we observe that (15. lip is clearly 
true for p = 0, as we have £ n, ° = £ 00 ' = 0, and so we assume as induction hypothesis that 
(15. lip holds for p e N . By Lemma [5.21 this implies that 

H n,p . = H n_ I ^,p dA n _^ ^oo.p = H - [ ^' P dA u 

Jo Jo 
in L 2 (P) as n — > oo. For each n > no we can write 

E [H^AMZ^] 



-n,p+Y 



E [{AMfl*^] 



^[tf^AM^.J E[H n ' p AM A ' n \^] E[{AM^ n f\ F h _ t ] \ A(M™) < 



E[(±M£f\F u _,} £[(AM^7|j tj _J ^(AM^I^J J A(M n ) t 



6(M 



d(M n ) 
d{M n ) / 



(5.12) 



for £ G [ij,ij + i) by plugging in M n = M n + M A,n and the definition of the discrete-time 
GKW decomposition. Since 

U(M n ,H n *)-{(M n ,H°°*)\\ LHM) < \\H n *-H°°*\\ LHP) ^0 asrwoo 

by the orthogonality of the terms in the GKW decomposition and 

£(M n , H°°' p ) £(M, if °°' p ) = £°°' p+1 as n ->• oo 

in L 2 (M) by Theorem 3.1 in [26], we obtain that 



oo,p+l 



as n — >• oo 



(5.13) 



in L 2 (M). Moreover, 



d{M A ' n ) 



d(M n ) 



< \\£(M A ' n ,H n ' p ) 



L 2 (M) 



\L 2 (M A ' n ) 



U{M A > n ) 



d(M n ) 



< H 



n,p 



\L*{P) 



l d(M A < n ) 



d(M n ) 



l°°(p m ) 

(5.14) 



L°°(P M ) 

as n — y oo by our assumptions. Since these also give via part 1) of Lemma 15.11 that 
^ 1 in L°°(P M ), combining fl5TT2l - fl5TT4"P implies that 

C' p+1 — > £°°' p+1 as n -»■ oo 



d(M n ) 



in L 2 (M), which completes the proof. 



□ 
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Now we have everything in place to finish the proof of Theorem 15 .51 

Proof of Theorem 15.51 The only remaining point is to show that we can control each of 
the terms in the decomposition 

in a sufficient way. To that end, fix an arbitrary e > 0. Then we choose no and p in N 
such that 

sup U n * - n L2(M ) < e and - C\\l^(m) < e 

n>no 

by Lemma |5~51 and Proposition 15. 71 By possibly enlarging n , Proposition 15.81 allows us 
to obtain that 

U n,p ~ r> p \\L*(M) < e 

for all n > n and therefore that 

lir - fib(M) < sup \\c p - c\\lhm) + u n ' p - r*\\&M + nr- p - < 

n>no 

which completes the proof. □ 
Combining the previous results then gives the convergence of the LMVE strategies. 

Theorem 5.9. Suppose that K is bounded, ^ng^r L -^> / ' ) and that there exist no G N 
and b e (0,1) such that sup n>no ||^tIU°°(p) < 00 an< ^ su Pn>n II (^K n )^\\ L oo^ < b. Let 
( r n)neN be an increasing sequence of partitions of [0, T] and d n be the LMVE strategy with 
respect to S n on (Q, J 7 , F n , P) and $ the LMVE strategy with respect to S on (Q, J 7 , F, P). 
Then i) n converges to d in L 2 (M) as \r n \ — > 0. 

Proof. Since K n = (A n • M n ) ¥ " and K = (A • M) are bounded, £(A n • M n ) and £(A • M) 
satisfy R2{P) and are regular with respect to ¥ n and F, respectively, by Proposition 3.7 in 
[9]. By Corollary 14. 12l this implies that d 11 and d exist and are given by ?9 n = ^(A n — £ n ) and 

■d = -(A— £), where £ n and £ denote the integrand of the Follmer-Schweizer decomposition 
of Kj, and Kt- Since K = (A • M) is bounded and hence A • M is in bmo2, the convergence 
of d n to $ in L 2 (M) follows by combining Lemma 15.2} Corollary 15.41 and Theorem 15.5} 
which completes the proof. □ 



A Representative square-integrable portfolios 

In this appendix we show the existence of representative square-integrable portfolios as 
announced in Section |2j As stated in Lemma I A. 1 1 below, these are strategies ip l G 0s 
for % — 1, . . . , d, which are representative in the sense that the financial market (S, Bg) 
with S 1 := ip l * S for i = 1, . . . , d generates the same wealth processes as the financial 
market (S, Os), i.e. s • S — 0g • S. For this we use the notion of cr-square-integrability: 
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A semimartingale X is a-square-integrable, which we denote by X G TL 2 (P), if there 
exists an increasing sequence (D n ) of predictable sets such that D n "\ Q, x [0,T] and 
li3 n • Jf G T-L 2 (P) for each n; see [30] for the concept of a- localisation. If there exists a 
sequence of stopping times (a„) such that we can choose D n = [[0, a n ]] for each n G N, 
the concept of cr-square-integrability coincides with the classical notion of local square- 
integrability. The latter is for example always the case, if S is continuous. The basic 
idea for the proof is then the following. Even though square-integrability is a global 
property of the strategy d it implies that i? is a-square-integrable, i.e. # • S G "H^(P), 
which can be characterised (u, t)-pointwise. Since there exists a one-to-one correspondence 
between a-square-integrable and square-integrable integrands by Proposition 2 in [23] (see 
below), the (u, t)-pointwise characterisation of a-square-integrability is sufficient to find 
the representative square-integrable portfolios. To derive this characterisation we need to 
work with the notion of predictable characteristics which we introduce next. 

As in [27], Theorem II. 2. 34, each semimartingale S has the canonical representation 

S = S + S C + A+ [xl {N < 1} ] * (/x- v) + [xt { \ x \ >1} ] * At 

with the jump measure \x of S and its predictable compensator v. Then the quadruple 
(b, c, F, B) of predictable characteristics of S consists of a predictable Revalued process 
b, a predictable nonnegative-definite symmetric matrix-valued process c, a predictable 
process F with values in the set of Levy measures and a predictable non-decreasing 
process B null at zero such that 

A = b-B, [S c ,S c }=c-B and v = F-B. (A.l) 

Using this local description of the semimartingale S we can prove the existence of repre- 
sentative square-integrable portfolios. 

Lemma A.l. There exist strategies <p l G Qs for i = l,...,d such that the financial 
markets (S,Qs) and (S,Qg) with S l = (p l • S for i = l,...,d admit the same wealth 
processes, i.e. 0$ * S = 6g • S. 

Proof. By Proposition 2 in [23] (and the paragraph preceding that), a-square-integrablity 
of a semimartingale X is equivalent to the existence of a strictly positive, bounded 
predictable process ip such that ijj • X G "H 2 (P). As ijj is bounded and strictly posi- 
tive, we can therefore always switch back and forth between a-square-integrable X and 
square-integrable semimartingales Y by using the associativity of the stochastic integral, 
i.e. Y = ip • X and X = 4 • • X) = i • Y. Moreover, this also allows to reduce our 
problem to a-square-integrability, which we consider first. Like any semimartingale, a 
stochastic integral $ • S of an S'-integrable process d is a-square-integrable if and only if 
the sum of its squared jumps, Z := J2 0<S< .($~I AS S ) 2 , is a-integrable, i.e. there exists an 
increasing sequence (D n ) of predictable sets such that D n "\ Q x [0, T] and Z n := ljj n • Z 
has integrable total variation J Q T \dZ™\ for each n. By Theorem II. 1.8 in [27], the lat- 
ter condition is equivalent to j Q J Rd ( , dJx) 2 F s (dx)dB s being a-integrable, which holds if 
and only if ^('dj x) 2 F s (dx) < +oo Pg-a.e. If S is one dimensional, i.e. d — 1, we can 
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write $1 J Rd x 2 F s (dx) = f R d{$J x) 2 F s (dx) < +00 Pe-a.e., which basically tells us that we 
must have $ = Pg-a.e. on the set D c := {J Rd x 2 F(dx) = +00} G V . Therefore setting 
ip l := i/)1d, where 1/) is the integrand from Proposition 2 in [23] for the cr-square-integrable 
semimartingale Id • S, gives the desired strategy. 

In the multidimensional case, the situation is more involved due to the linear depen- 
dence between the different components of S. To deal with this issue, we use similar 
techniques as in [14] . where we also refer the reader to for more explanations on problems 
arising from this. For the rest of the proof, we consider integrands $ G L(S) as elements 
of L°(n x [0, T],V, P B ; K d ) and define the linear subspace V by 

V = itf G L°(tt x [0,T],V,P B ;^ d ) [ (tf T x) 2 F(dx) < +00 P B -a.e. 

I JR d 

By definition, V satisfies the stability property that + 2 1d c G V for all 1 ,0 2 G V 
and DeP, and it is closed with respect to convergence in Pe-measure by Fatou's lemma. 
So there exist by Lemma 6.2.1 in [17] (see also Lemma 5.2 in [14]) v 1 G V for % = 1, . . . , d 
such that 



1) ^ 0} C {v* ^ 0} for i = 1, . . . , d - 1, 

2) = 1 or \v\u,t)\ = 0, 

3) (V) T v fc = for i ^ k, 

4) 1? G y if and only if = £? =1 (0Vy Ps-a.e. 

Since t>* is in V and bounded by 2), v l G and u l • S is cr-square-integrable for 

z = 1, . . . , d. By Proposition 2 in [23], there exist strictly positive, bounded predictable 
processes tp l such that (^V) * S E "H 2 (P) for z = 1, . . .,d, and we set <p l = and 
S l = ip l • S. Since we can write each d G 65 C V as = X^=i(^ Tui ) u * = SiLi V 1 

Pfl-a.e. by 4), this gives £ = (^ft . . . , =: ^ G 0- where * := (£, . . . , ^ 

is an M a!><d -valued predictable process, and that $ • S = $ • S by the associativity of the 
stochastic integral. Conversely, we have for each d G that = X]f=i ^V* = £ ®s 
with • S* = • S 1 , where $ := (y? 1 , . . . , is an IR dxd -valued predictable process, which 
allows us to conclude that B5 • S = 0g • S and completes the proof. □ 

Remark A. 2. SAs an alternative to the proof above one can introduce a predictable 
correspondence C by 



C{u,t):=lyE 



ad 



/ (y T x) 2 F(dx) < +00 > 

jR d " J 



for all (00, t) E Q x [0,T]. Then the condition d EV can be formulated as the pointwise 
constraint that i?(u;,t) G C(u,t) P B -&.e. As the values of C are linear subspaces, one can 
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deduce the existence of representative cx-square-integrable portfolios by using (the argu- 
ments in the proof of) Theorem B.3 in Nutz [39]. The correspondence of the transformed 
constraints C is then of course equal to M. d for all (u, t) G f2 x [0, T] and the representative 
cr-square-integrable portfolios are the representative portfolios. 
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